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During the filtration of a liquid through a porous medium, the liquid being filtered may enter into a reaction with 

the medium, causing a change in the pore volume. Examples of this are the dissolution of salts in soil, the leaching of 
rock, etc. The problems discussed in this paper--those of an incompressible liquid entering a circular tube (or 

capillary) or of a slit reacting with its wails--are of some practical interest and may also serve as the simplest 
models of these processes. 

1~ M o t i o n  of  l i q u i d  in  a tube .  We l e t  Q(x,  t) be the v o l u m e  f low r a t e  of the  l iqu id ,  R(x,  t) the  i n n e r  tube  r a d i u s ,  
C(x,  t) the  l iqu id  c o n c e n t r a t i o n ,  C ,  the  s a t u r a t i o n  c o n c e n t r a t i o n ,  and t the t i m e ;  we  l e t  the x - a x i s  r u n  p a r a l l e l  to the  
tube.  We a s s u m e  tha t  a f i r s t - o r d e r  r e a c t i o n  is  o c c u r r i n g  b e t w e e n  the l iqu id  and the  m a t e r i a l  m a k i n g  up the  tube  w a l l s ,  
c a u s i n g  an i n c r e a s e  in the  tube  r a d i u s .  By " f i r s t - o r d e r  r e a c t i o n , "  we  m e a n  a r e a c t i o n  w h o s e  r a t e  is  p r o p o r t i o n a l  to 
the  s u r f a c e  a r e a  of the w a i l s  in c o n t a c t  wi th  t he  l iqu id  and to the  d i f f e r e n c e  b e t w e e n  the  so lu t i on  c o n c e n t r a t i o n  and the 
s a t u r a t i o n  c o n c e n t r a t i o n  [1]. 

The  tube  r a d i u s  i s  a s s u m e d  to i n c r e a s e  by  dR d u r i n g  a t i m e  dt o v e r  a l eng th  dx. Then ,  deno t ing  the d e n s i t y  of the  
tube  w a i l s  by Pl, we h a v e  

Pt [~ (R  + dR)  ~ dx  - -  ~B~dx] = A 2 ~ R d x  ( C .  - -  C)dt , 

f r o m  which  we  f ind the  k i n e t i c  e q u a t i o n  f o r  the  r e a c t i o n :  

OB A (C, - -  C). (1.1) 
Ot Pl 

H e r e  A is  a c o n s t a n t  ( the s a l t  y i e l d  in  the  c a s e  of a d i s s o l u t i o n  r e a c t i o n ) .  

The  m a s s - c o n s e r v a t i o n  e q u a t i o n s  f o r  the  d i s s o l v e d  s u b s t a n c e  and f o r  the  m a s s  of the  m o v i n g  so lu t ion  a r e  

0 
Ox (QC)  + 2 g A R  ( C ,  - -  C) = @ (nR2C), d = ( 1  2) 

where p is the solution density, which depends on its concentration. We can approximate this dependence by the linear 
dependence 

P = P 0 ( t + T c )  ( c=  C / C , ) .  

Here P0 is the solvent (water) density, and Y is a constant. We introduce the dimensionless quantities 

q=-~@o' a=2,4 B~ C ,  ~ =  ax ~ atQo __ .R 
Q-'-7 ' vl = ~ , llo ' ~o ~ , r t{o 

(1.3) 

(here Q0 = eonst is the flow rate at the entrance cross section of the tube, and R 0 = const is the initial tube radius, 
i. e., the radius at t = 0). 

To f ind the  unknown f u n c t i o n s  c(},  ~-), r(~, ~), q( ~, T), we write the system of equations 

r20c + q Oc r ( l  or -N-  = -- c) (1 + ~c), 
Or __ 
o-~ vl (I - -  c), O q  = _ r (i --  c) (2vl + "~) (1.4) o~ 

if the liquid has not entered the tube before t = 0, or a solution of saturation concentration is in it, and solvent supply 
at some flow rate Q0 begins at t > 0, then the boundary conditions for systems (1.4) are 
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q = t ,  c = 0 ;  ~ = 0 ,  ~ > 0 ;  r = t ;  ~=~. (T) ,  ~ ) 0 .  (1.5) 

The  func t ion  ~,(~-) should s a t i s f y  the  k i n e m a t i c  cond i t ion  

d~, = q (~,, ~) = q (~,, ~) (~, (0) = O) (1.6) 
dr r2 (~., ~) 

(the c h a r a c t e r i s t i c  equa t ion  for  s y s t e m  (1.4)), and is  sought a long  with the func t i ons  c(~, ~-), r (~,  ~-), and q (~, T), def ined  
in  the r e g i o n  

P r o b l e m  (1 .4 ) - (1 .6 )  is  n o n l i n e a r .  
s e t  

w h e r e  the i n c r e m e n t s  r ' ,  c ' ,  and  q '  a r e  s m a l l ,  

~ < ~. (~), t > 0 .  

To s i m p l i f y  it, we l i n e a r i z e  i t  by m e a n s  of the s m a l l - p e r t u r b a t i o n  method .  We 

' ( 1 . 7 )  r =  i -~ r', c =  c', q =  t @ q ,  

so that  t h e i r  p r o d u c t s  and s q u a r e s  a r e  neg l i g ib l e .  

In  add i t ion ,  s i n c e  the so lu t i on  c o n c e n t r a t i o n  d e n s i t y  is  a s s u m e d  low, and the  i n c r e a s e  in  the  s o l u t i o n  d e n s i t y  wi th  
i n c r e a s i n g  c o n c e n t r a t i o n  is  g e n e r a l l y  not  l a r g e ,  we a s s u m e  h e r e  tha t  v = 0. 

S u b s t i t u t i n g  (1.7) into the f i r s t  two equa t ions  of s y s t e m  (1.4), i n t r o d u c i n g  the  new independen t  v a r i a b l e s  x 1 = ~ and  
x 2 = ~- - ~, and d i s c a r d i n g  s m a l l  q u a n t i t i e s  of h i g h e r  o r d e r s ,  we f ind 

Or" Oc - -  r ' - k  1 - -c ' ,  - - = v l ( l - - c ' ) .  (1.8) 
&el Ox~ 

Se t t ing  q g i in  cond i t i o n  (1.6), 
b e c o m e  

we f ind ~.(T) = ~" the  b o u n d a r y  c o n d i t i o n s  (1.5) for  the  func t i ons  c ' (x t ,  x 2) and  r ' ( x l ,  x 2) 

We l e t  

c ' = O , x  i = O , z ~ > ~ O ; r ' = O , z 2 = O , x  1>10. 

~o co  

c~ (xl, p) = I c'e-PX~ dx2, rl ~ I r'e-PX2 dxz 
0 0 

(1o9) 

be  the L a p l a c e  t r a n s f o r m s  of the f u n c t i o n s  c '  and r ' .  M u l t i p ly ing  Eqs .  (1.8) by the  k e r n e l  of the  t r a n s f o r m ,  i n t e g r a t i n g  
o v e r  x 2 f r o m  0 to oo, and u s i n g  the second  cond i t i on  of (1.9), we f ind 

E l i m i n a t i n g  r 1 and i n t e g r a t i n g  the  r e s u l t i n g  d i f f e r e n t i a l  equa t i on  wi th  accoun t  fo r  the  f i r s t  cond i t i on  (1.9), we f ind 

ci(xi, p) = p-i{i - exp[ -x  i(1 -b vl/p)]}. 

P e r f o r m i n g  the  i n v e r s e  t r a n s f o r m a t i o n  [2], we f ind 

c ~ c" (xl, X~) = I - - e  -x' do (2 V Vl XlX2). 

F r o m  the  f i r s t  equa t i on  in  s y s t e m  (1.8), we f ind 

0e" ] / - -  r' = --  t + c" + - -  = e -x' vix~ Yl (2 1 / ' ~ ) .  
Oxi r zi 

Here  J0(z) and Jl(z)  a r e  z e r o t h -  and  f i r s t - o r d e r  B e s s e l  f unc t ions  of the f i r s t  kind,  r e s p e c t i v e l y .  

A c c o r d i n g l y ,  the so lu t i on  of the  l i n e a r i z e d  p r o b l e m  is  w r i t t e n  
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c(~, v ) =  t - e-a J0 [2 1%-~ ( ~ -  ~)1, 

r (~, ~) = t -~ e -~ l/'v'~-~ (-r - -  ~)t~ Jx [2 l / v ~  (~ -- ~)1, 

9 

In p a r t i c u l a r ,  we  h a v e  

r (0 ,  T) = l i m  [ t  -1- e -R ] / -v~( l :  - -  ~)/~ " ~ v ~  (v - -  ~)]  = 1 A_ v l v .  
5~o 

T h e  s o l i d  and  d a s h e d  c u r v e s  in  F ig .  1 show t h e  f u n c t i o n s  r ' ( ~ ,  T) and  e(~,  y), r e s p e c t i v e l y ,  f o r  ~- = 1, 2, 3 a n d  v 1 = 0.1. 

x ,/," 
/ i /  

" / r  . 

I . ~ 1  i 

~g ~g 

i , 
o,=e~l I 
- 1 ' - ~  

12 f8  ggg,r 

Fig .  1 

2. M o t i o n  of  l i q u i d  w i t h i n  a n  i n f i n i t e  s l i t .  W e  l e t  2D b e  t h e  s l i t  t h i c k n e s s  a n d  Q1 = Q / 2  b e  h a l f  t he  f low r a t e  p e r  
u n i t  s l i t  l e n g t h .  T h e n  t h e  e q u a t i o n s  f o r  t h e  c o n s e r v a t i o n  of m a s s  of t he  s o l u b l e  s u b s t a n c e  in  t he  s o l i d  p h a s e  and  in the  

s o l u t i o n ,  and  t h a t  f o r  the  s o l u t i o n  m o v i n g  w i t h i n  t he  s l i t  a r e  

0D A (C, --  C), 

0 (QaC) ~- A (C.  - -  C) = ~ -  ( D e ) ,  (2.1) Ox 
0 ( ? ~ p ) = o  (o~). 

ox 

I n t r o d u c i n g  t h e  d i m e n s i o n l e s s  v a r i a b l e s  ( = A x / Q 0 ,  r = A t / D  0, c = C / C . ,  r = D/D0 ,  v 2 = C . / p l ,  q = QI/Q0,  P = 
= 1 - c we c a n  c o n v e r t  (2 .1) ,  a f t e r  s o m e  s i m p l e  t r a n s f o r m a t i o n s ,  and  w i t h  a c c o u n t  of (1 .3) ,  to  

Or Op OR 9 q  __  
O ~ - = v ~ p ,  q - ~ + r  O r  - -  p ( l - - ~ + V p ) ,  O _ ~ _ _ - - ( v ~ + , r )  p .  (2.2) 

Here Q0 is half the solvent flow rate across the cross section having abscissa x = 0, and 2D 0 is the initial slit opening. 

The boundary conditions for system (2.2) are 

p = q = t ,  ~ = O ; r = l ,  g = ~ . ( T ) ,  (2.3) 

w h e r e  ~,(~-) s a t i s f i e s  Eq. (1.6).  

in this case, the functions p and q, defined in the region 0 < ~ < ~., ~- > 0, do not depend explicitly on the 

variable T. Setting 0p/0T = 0, we find from system (2.2) that 

dp I - - ' r  +TP 
r (L  ~) - -  r (~ ,  ~) = v~p (-r - L ) .  

H e n c e ,  u s i n g  (2 .3) ,  we f i nd  

i - -  ? ~ y p  ~ qa 

7. = t + v2p ('r - -  "r,) (6 = V/(v2 -i- V)). (2.4) 

H e r e  ~-, = T. (})  i s  t h e  f u n c t i o n  i n v e r s e  to  t h e  f u n c t i o n  ~.(T) .  S u b s t i t u t i n g  t he  v a l u e  of p f r o m  (2.4) ,  we c o n v e r t  t h e  t h i r d  
e q u a t i o n  in  s y s t e m  (2. 2) to  
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dq 

H e n c e ,  u s i n g  (2.3) ,  we  f ind  

q 

f dq qS~81~ (T, 6, q). r  t - -3" - -  
1 

(2.5) 

In p a r t i c u l a r ,  i t  f o l l o w s  f r o m  (2.5) t h a t  

limq(~) = q ~ =  ( t - - 7 )  l/s, ~ c r  ; 

i. e . ,  a t  a s u f f i c i e n t l y  l a r g e  d i s t a n c e  f r o m  the  s l i t ,  t he  l i q u i d  f low r a t e  d e c r e a s e s ,  t e n d i n g  t o w a r d  a c o n s t a n t  v a l u e  

q ~  < 1. R e w r i t i n g  (1.6) a s  

d r ,  1 
dE -- q (T. (0) = O) 

and  i n t e g r a t i n g ,  we f ind  

q q 

---- j q j q q q (l - -T-q~)  = 8z~ (7, 8, q). 
0 1 

A c c o r d i n g l y ,  t he  s o l u t i o n  of t h i s  p r o b l e m  i s  r e d u c e d  to q u a d r a t u r e s  a n d  c a n  b e  s o l v e d  n u m e r i c a l l y  in  t h e  g e n e r a l  c a s e ,  

F ig .  2 

f o r  a r b i t r a r y  Y and  6 ~ O. 

W e  c o n s i d e r  two p a r t i c u l a r  e x a m p l e s .  

E x a m p l e  1. W e  s e t  v 2 = y; t h e n  6 = 0.5 ,  and  t h e  c a l c u l a t i o n  of t he  i n t e g r a l s  l e a d s  to  t h e  d e p e n d e n c e s  

q = (i -- 7 Jr 7P) = --- (I -- 7cP, 

= 7 ( l - - p ) - -  ( l - - 7 )  lnp = 7 c - - ( t - - 7 )  l n ( t - - c ) ,  
1 t - -  ~;c ( t t -- T0~ 

% = T - ~ T  -In  F - - ~ '  r : t - b T ( l - - c ) \ ' C - - T " ~ l n  l--c]" 

E x a m p l e  2. W e  s e t  Y = 0, v 2 ~ 0; t h e n  6 = 0, a n d  

qdp/d~ = - - p ,  dq/d~ = - - v ~ p .  

H e n c e  q d p / d q  = 1 / v  2 (p = 1, q = 1) a n d  

q = exp Iv, (p - t)] = exp (-~,~). 

A c c o r d i n g l y ,  we  h a v e  

exp [v2 (p -- t)]@/a~ = -p ; 

Integrating this with account for (2.3), we find 
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- =  e -v~ [ E i  ( - -  v~) - -  E i  ( - -  v2p)] ~ - -  i e--t ~ 
x 

By analogy with the preceding example, we find 

"r, = - - l n  p ,  r = t + v ~ p ( ' ~ + l n p ) .  

The solid and dashed curves in Fig. 2 show the functions r' = r - 1 and c, respectively, for v 2 = 0.2. The circles 
denote curves corresponding to Example I. In particular, these graphs show that the assumption y = 0 leads to values 
of c which are slightly too high and values of r' which are slightly too low. 
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